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ABSTRACT 

D , We derive non-perturbative relations between the expectation value of 

the invariant element in a homogeneous and isotropic state and the quantum 
gravitationally induced pressure and energy density. By exploiting previously 
^ ■ obtained bounds for the maximum possible growth of perturbative correc- 

tions to a locally de Sitter background we show that the two loop result 
dominates all higher orders. We also show that the quantum gravitational 
slowing of inflation becomes non-perturbatively strong earlier than previously 
expected. 
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1 Introduction 



Gauge-fixed perturbation theory is by far the simplest method for computing 
quantum corrections to a classical geometry. Even when the state of interest 
is not stationary this can be done using Schwinger's formalism for expectation 
values |], H . The procedure is first to compute the expectation value of the 
invariant element in the presence of the desired state: 



One then forms g^ v into gauge invariant and gauge independent observables 
to infer how quantum effects distort the geometry. 

Geometrically significant differences between the classical and quantum 
backgrounds can be ascribed to a quantum-induced stress tensor. In pure 
gravity this is defined from the deficit by which g^ fails to obey the classical 
Einstein equation: 



Here R^ v and R are the Ricci tensor and Ricci scalar constructed from g^ 
and it should be noted that we have included a cosmological constant A in 
Einstein's equation. Note also that the relation between the induced stress 
tensor and the quantum background g^ u is, in principle, non-perturbative, 
even though the only practical way of computing g^ v is perturbatively. 

The purpose of this paper is to derive the leading late time dependence, 
to all orders, for the induced stress tensor appropriate to a recent calcula- 
tion of the quantum gravitational back-reaction on an initially empty and 
inflating universe ||. That we can obtain an all-orders result arises from the 
conjunction of the non-perturbative relation (Q) and explicit bounds on the 
maximum late time growth of perturbative corrections to a rather technical 
variant of the amputated 1-point function. Section 2 reviews the definition 
of this quantity and the procedure through which it is used to compute T M1/ . 
Section 3 shows how the perturbative bounds on the former imply an all- 
orders result for the latter. We discuss the consequences of this result in 
Section 4. In what remains of this Introduction we review the theoretical 
context of our previous work and its physical motivation. 

Because the late time behavior is dominated by ultraviolet finite, non- 
local terms, we were able to use the Lagrangian of general relativity with a 



(ijj Ig^uit, x)dx^dx v \ ijj) = g^vit, x)dx^dx' 



(1) 



SnGT^ = - -g^R + <?/^A . 



(2) 
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positive cosmological constant: 

C = (R — 2A) \/—g + counterterms , (3) 

absorbing ultraviolet divergences with local counterterms as required. We 
worked on the manifold T 3 x R in the presence of a homogeneous and isotropic 
state for which the invariant element takes the following form in co-moving 
coordinates: 

gfiv(t, x)dx tl x u = —dt 2 + exp[2b(t)]dx ■ dx . (4) 

Our state is free de Sitter vacuum at t = in these coordinates, corresponding 
to the following classical background: 

b cla3S (t) = Ht , r2 = \ A - ( 5 ) 

The physical motivation for our work is the possibility that the cosmo- 
logical constant only appears to be unnaturally small today because it is 
screened by an infrared process in quantum gravity This process is the 
buildup of gravitational interaction energy between virtual gravitons that 
are pulled apart by the inflationary expansion of the classical background (||- 
^j. The effect acts to slow inflation because gravity is attractive. It requires 
a enormous time to become significant because gravity is a weak interaction, 
even for inflation on the GUT scale.Q However, inflation must eventually be 
ended because the effect adds coherently for as long as exponential expansion 
persists. The effect is also unique to gravitons. Only massless particles can 
give a coherent effect, and the other phenomenologically viable quanta of 
zero mass are prevented from doing so by conformal invariance. 

Our mechanism offers a natural explanation for how inflation can have 
lasted a long time, without fine tuning and without the need for fundamental 
scalars. Indeed, it results in such a long period of inflation that all energeti- 
cally favorable phase transitions may have time to occur during this period, 

1 One traditionally defines the "scale of inflation" M so that M 4 equals the energy 
density of the cosmological constant, A/(87rG). Since the Planck mass is Mp — G -1 / 2 , 
the dimensionless coupling constant that characterizes quantum gravitational effects on 
inflation can be expressed as: 

GA = 8. (S) ' 



\Mp 



(G) 



For GUT scale inflation this works out to about GA ~ 10 11 . The comparable figure for 
inflation on the clcctroweak scale would be about GA ~ 10 -67 . 
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even if some are subsequently reversed by re-heating. If so, the cosmological 
constant which is finally screened would be that of the true vacuum, and the 
evolution after inflation would be almost that which is usually obtained by 
keeping gravity classical and fine tuning this parameter to zero. 

Although perturbation theory must break down at the end of inflation, 
one can use the technique to partially verify our proposal. For example, the 
presence of infrared divergences in in-out matrix elements || and scattering 
amplitudes || invalidates the null hypothesis that inflation persists to asymp- 
totically late times with only perturbatively small corrections. One can also 
use Schwinger's formalism to follow the evolution of the background until 
quantum corrections become non-perturbatively large ||. It was previously 
believed that this occurred at the same time for all orders. The burden of 
this paper is to show that in fact the two loop effect becomes strong at a time 
when all higher orders are still insignificant. Of course one cannot extend 
past the breakdown of perturbation theory by using perturbation theory, but 
we now have precise information about how the breakdown occurs. 



2 Perturbation Theory Revisited 

The purpose of this section is to explain the connection between the induced 
stress tensor of co-moving coordinates and the quantities we actually com- 
puted. We begin with the coordinate system of the classical background. 
For a variety of reasons, it is simplest to formulate perturbation theory in 
conformal coordinates: 

- dt 2 + exp[2Ht] dx-dx = fi 2 i^-du 2 + dx ■ dxj , (7) 

O = — = exp(Ht) . (8) 
H u 

Note the temporal inversion and the fact that the onset of inflation at £ = 
corresponds to u = H~ x . The infinite future is u — > + . 

Perturbation theory is organized most conveniently in terms of a "pseudo- 
graviton" field, tp^, obtained by conformally re-scaling the metric: 

= VL 2 g^ = fi 2 (77^ + «W) • ( 9 ) 

Our notation is that pseudo-graviton indices are raised and lowered with the 
Lorentz metric, and that the loop counting parameter is k 2 = 167rG. After 
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some judicious partial integrations the invariant part of the bare Lagrangian 
takes the following form |J: 

n 2 - l -^gp^^ pa ^{n 2 )^ . (io) 

Since Q ~ u -1 , it might seem as if the final term is stronger at late times 
than the others. In reality it is only comparable because its undifferenti- 
ated pseudo-graviton field must always contain a "0" index — ip u a (Q 2 )^ a = 
2u~ 1 ip u oQ 2 — and "0" components of the pseudo-graviton propagator are 
suppressed by a factor of u @. 

Gauge fixing is accomplished through the addition of —\r\^ v F^F U where: 

f, = (V,, P - \v P ,» + 2V, (in n) tP ) Q . (11) 

The resulting gauge fixed kinetic operator has the form: 

+ V V 6 o a) Db + 6° 6 V ° V 5 CT D c . (12) 

A variety of conventions in this relation deserve comment. First, indices 
enclosed in a parenthesis are symmetrized. Second, the presence of a bar over 
a Kronecker delta or a Lorentz metric indicates that the temporal components 
of these tensors are deleted: 

K = 5^-8^8° u , % „= V ^ + 8\5° U . (13) 

The symbol Da stands for the kinetic operator of a massless, minimally 
coupled scalar: 

n A = n(d 2 + ^jn, (u) 

while Db = Dc denote the kinetic operator of a conformally coupled scalar: 

D B = D c = VI d 2 tt . (15) 

What we actually computed was the amputated expectation value of 
which, on general grounds, must have the following form: 

D, v pu (0 I «lM*) I 0) = o(«) v + 8\8\ . (16) 
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Attaching the external leg gives the invariant element, but in a perturbatively 
corrected version of conformal coordinates: 

g^(t, x) dx^dx u = -VI 2 [1 - C(u)\ du 2 + ft 2 [1 + A(u)\ dx ■ dx . (17) 

The external leg of the 1-point function is a retarded Green's function in 
Schwinger's formalism. From the gauge fixed kinetic operator (|T2"D we see 
that the coefficient functions A(u) and C(u) have the following expressions 
in terms of the scalar retarded propagators acting on a{u) and c{u) @: 



A(u) = -AGf[a](u) + G^fia + c](u) , (18) 
C(u) = G r c ct [3a + c](u) . (19) 



It is simple to work out what the retarded propagators of Da and Dq 
give when acting on any power of the conformal time: 

Gf[u-\HuT] = {{HuY - 1 + \e - \e{Huf] , (20) 

Gf[u-\HuY] = 

(1 _ ^ _ 7) {-{Huf + (2 - e)Hu - (1 - e){Hu) 2 } . (21) 

One-particle-irreducible diagrams containing i loops can be shown to con- 
tribute to a{u) and c(u) at late times no more strongly than some number 
times ||: 

n 2e H 2e - 2 u~ A ln e (Hu) . (22) 

The action of the scalar retarded propagators on such a term is obtained by 
differentiating (pt)|-pi"|) £ times with respect to e and then taking the limit 
e — > 0. Because of the factor of e~ l on the right hand side of (|20|) , G™ 1 
acquires an extra logarithm whereas G£f does not. For example, the leading 
contributions at two loops give: 



Grct 
C 



k a H 2 u- a \yi 2 (Hu) = 
KHf ^-ln\Hu) + I \n 2 (Hu) + A \n(Hu) + A - ^(Hu) 3 } ,(23) 
\ 4 H 2 u~ 4 In 2 (Hu) = 
{KHf \n 2 (Hu) - 1 \n(Hu) - ? - + 2Hu- \{Hu) 2 ] . (24) 



This phenomenon has great significance. Its physical origin is the fact that 
A-type Green's functions receive contributions from throughout the timelike 
region inside the past lightcone while the C-type Green's functions have 
support only on the lightlike surface of the past lightcone ||. 

Comparison between (f|) and (|17|) results in the following formulae for the 
conversion to co-moving time: 



d(Ht) 

m 



-y/l-C(u) d[\n(Hu)} , 
-ln(Hu) + ~ln[l + A{u)\ . 



(25) 
(26) 



It is then straightforward to work out the relation between physically inter- 
esting quantities defined in co-moving coordinates and the things one actually 
computes in perturbation theory. For example, the effective Hubble constant 
is:Q 

H cS jt) = ^± = - H [l- l -u ±ln[l + A(u)}\ . (27) 



dt 



yfi - C(u) 



2 du 



Two particularly interesting quantities come from the induced stress tensor: 
the energy density T 00 = pit) and the pressure = p(t)gij. The task of this 
section is completed by first using @ to express these in terms of b(t) and 
then converting to the coefficient functions A(u) and C(u): 



Pit) 



Pit) 




(28) 



(29) 

A dot in these formulae indicates differentiation with respect to t, while a 
prime denotes differentiation with respect to u. 

2 Note that the effective Hubble constant is an invariant by virtue of its relation to the 
Einstein tensor, Goo — 36 2 , and by the fact that co- moving coordinates are unique up to 
constant rescalings of space. It can also be shown to be gauge independent H. 
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3 Two Loop Dominance 



Our perturbative work || produced explicit results for the late time (u 
behavior of the coefficient functions a(u) and c(u) at two loops: 



a[U ) = H- 2 (^-} {-431n 2 (#w) + (subleading) } + 0(/t 6 ) (30) 
clu) 



\A-ku) 

H 2 (i^) { 151n2 (^ M ) + (subleading)} + 0{k & ) . (31) 

We also obtained the following limit on the maximum possible late time cor- 
rection to a(u) and c(u) from one-particle-irreducible (1PI) graphs containing 
£ loops: 

n 2e H 2e - 2 u- 4 \n e (Hu) . (32) 

This bound seemed to suggest that all orders become strong at the same 
time: 

- \n(Hu) ~ = A-L » 1 . (33) 

n z H z 87r GA 

That conclusion is valid for the non-invariant quantities a(u) and c(u), but 
not for invariants such as the effective Hubble constant, the induced energy 
density and the induced pressure. The purpose of this section is to show that, 
for these quantities, two loop effects become strong at a time when higher 
loop corrections are still insignificant. We will also use the two loop results 
to derive explicit formulae for the physical invariants which are valid until 
perturbation theory breaks down. 

The key is the extra logarithm which the spatial trace coefficient A(u) 
acquires from the A-type Green's function. The 1PI amputated coefficient 
functions have the following form: 

oo 

2e H 2£ - 2 U - 4 \n e (Hu) + subdominant , (34) 

t=2 

oo 

C\pi{u) = ^QK 2£ if 2 ^ 2 w -4 h/(if«) + subdominant , (35) 



1=2 



where ag and q are pure numbers. The non-amputated coefficient functions 
are defined by acting retarded Green's functions according to relations ([18]- 
TUp . From the general action of the retarded propagators ( PU[]2~T| ), we obtain 
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expansions for the leading terms induced by 1PI graphs:]] 



A lPI (u) = --ln{Hu)Y,y (n 2 H 2 \n(Hu)) + subdominant (36) 
C\pi{u) = —~'^2(3a£ + ce)(K 2 H 2 \ii(Hu)) + subdominant . (37) 

From expression (^) for hit) we see that inflation stops when A[u) ap- 
proaches — 1. The I = 2 term in A(u) passes through —1 when: 

-MHu) = (^Y(-Ly . (38) 



Aa,2/ \kH J 

At this time the higher £ effects in A(u) are of strength: 

\n £+1 {Hu){KH) 2e ~ (^)t^t . (39) 

This is insignificant when one recalls that kH ~ 10~ 5 , even for GUT scale 
inflation. And all the terms in C(u) are insignificant because they have one 
fewer power of the large logarithm. 

We have still to account for tadpoles coming from the shift of the back- 
ground. One does this by shifting the fields of the interaction Lagrangian 
( JT0| ) and studying the effect of the induced interactions. For example, most 
3-point vertices have the generic form: ipdipdip. Suppose that the two differ- 
entiated fields are taken by the lowest order A(u) terms. This gives a 1-point 
interaction whose coefficient is: 

K tfA. U*h 4 \n 3 (Hu)) 4- (k 3 H 4 \n 3 (Hu)) ~ k 7 H 6 u' 4 \yi\Hu) . (40) 



du ^ ' du 

When one accounts for the extra factor of k in our definition (|16|) the result 
is no stronger than the 1PI terms already allowed for at I = 4 loops. In 
fact one can do considerably better at higher order, but never good enough 
to catch up with the two loop effect. The fastest possible growth for either 
A(u) or C{u) is: 

(nH) 4N+8 ln 3N+5 (Hu) , (41) 

starting at N = 0. (The order (k,H) a and (kH) 6 terms are purely 1PI.) 
When the two loop term becomes of order one these contributions are still 
suppressed by a factor of the small number (ftif) 4//3 < 10~ 7 . 

3 These terms are 1PI except for the external propagator. 
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It remains to obtain the promised all-orders results for the dominant late 
time behavior of H e g(t), p(t) and p{t). To simplify the formulae we define 
the following small parameter: 

€ = f— ) 2 = — = - (—)' ■ (42) 
V4W 3tt 3 \Mp) v ; 

Our explicit two loops results (|30| - |3TD imply: 

r 172 i 
A(u) = e 2 l—\n 3 (Hu) + (subleading) j + 0(e 3 ) , (43) 

C(u) = e 2 {57 In 2 (Hu) + (subleading)} + 0(e 3 ) . (44) 



From C(u) and relation (^5[ ) we infer the transformation to co-moving time: 
Ht = - jl - y e 2 \n 2 (Hu) + . . \ \n(Hu) . (45) 
This can be inverted to give: 

\n(Hu) = - jl + y (eHt) 2 + . . . j Ht . (46) 



It follows that we may set \n(Hu) to —Ht, to a very good approximation, 
for as long as perturbation theory remains valid. 

We can now write A(u) as a function of the co-moving time: 

1 72 

A(u) = -—e\Htf + ■■■■ (47) 

The higher corrections are again insignificant when the first term becomes of 
order unity We can also obtain b(t) as an explicit function of time: 

b(t)& Ht+hn(l + A) . (48) 

Substituting into (|27|) gives the effective Hubble constant: 

H cS (t) « H +~ki(l + A), (49) 



(50) 
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Note that the numerator of the correction term is still quite small when the 
denominator blows up. This is why we are justified in neglecting other terms 
— from C(u) — which are also of order (eHt) 2 . 

Going through the same exercise for the induced energy density gives: 

A f l A i / A \ 2 } 

(52) 

Note that we cannot neglect the single denominator term compared to the 
double one; in fact the former dominates the latter. The most useful form in 
which to give the pressure is added to the energy density: 

pWh-pW - -sb^Mi + A), (53) 

\ 2 

(54) 
(55) 

Note that in passing to the middle expression we have neglected the term, 
A/(l + A), which is still insignificant when A/(l + A) is of order one. Note 
also that when A/(l + A) is small, its square is even smaller. Therefore p + p 
is quite near zero until screening becomes significant. 




4 Discussion 

Our previous work |3], ||, || has established that quantum gravitational cor- 
rections slow the expansion of an initially inflating universe by an amount 
that becomes non-pertutbatively large at late times. In this paper we have 
exploited exact relations between the objects which are actually computed in 
perturbative quantum gravity and the invariant quantities of physical inter- 
est. We conclude that the mechanism by which perturbation theory breaks 
down is the approach to —1 of the spatial trace coefficient A(u). Further- 
more, this approach is effected by two loop corrections at a time well before 
the higher loop corrections have become significant. 
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This insight has a number of consequences, starting with a revised esti- 
mate for the number of inflationary e-foldings: 



N 



(il) 3 {wd 3 = (i^s) 3 {if) 3 ' (56) 

where M is the mass scale of inflation and Mp is the Planck mass. For infla- 
tion on the GUT scale this gives N ~ 10 7 e-foldings. Electroweak inflation 
should last about A" ~ 10 45 e-foldings. These numbers are smaller than our 
previous estimates, but still much longer than in typical models. We stress 
that this long period of inflation is a natural consequence of the fact that 
gravity is a weak interaction. 

One can also estimate the rapidity with which inflation ends once the 
effect becomes noticeable. Suppose we expand around the critical time: 

Ht = N - HAt . (57) 

When H At <C N our expression ([5(]) for the effective Hubble constant be- 
comes: 

H«(t)KH {l-^xrl • (58) 



2HAt. 

It follows that inflation must end rapidly. To be precise, let us define the end 
of inflation as the period from when the effective Hubble constant falls from 
yjj to of its initial value. From the previous formula, H ef[ reaches at 
HAt = 5, and it falls to jqH at HAt = |, making for a transition time of 
4g e-foldings. 

Of course one cannot trust perturbation theory during this period but it 
is reasonable to conclude that the end of inflation is likely to be sufficiently 
violent to give a substantial amount of re-heating. The end of inflation is 
also likely to be sudden enough to justify assuming that the observationally 
relevant density perturbations crossed the causal horizon during the period 
when our perturbative expressions are still valid. This means that we do not 
need to solve the non-perturbative problem in order to make predictions. 
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